




In this paper the Einstein-Vlasov system of self-consistent eld equations is used to construct
a cosmological model. A solution is found for a homogeneous isotropic space-time with positive




We start with well-known system of self-consistent eld equations of Einstein-Vlasov




Xf = 0 (1.2)
where X is a vector eld which generates phase flow. In coordinate form the system
can be rewritten as:



















where f(x; p) is a distribution function of matter consisting of particles with mass
m  0. It is assumed to be a non-negative function on a mass shell in cotangent
bundle T M :
Sm(M) = f(x; p) 2 T
M j g(p; p) +m2 = 0g;
f : Sm(M)! R+ (1.5)
Note, that our expression for T(x) diers from the one used in [1] only slightly, which
allows to avoid Christoel symbols in the equations for characteristics.
It is convenient to use ADM 3+1 [2] representation to solve Cauchy problem. In
Appendix A we provide the 3+1 representation of Einstein-Vlasov system for a generic







The dynamical equations are as follows:
@tγik = −2Kik (1.7)
@tKik = Rik − 2KilK
l
k +KKik + 4γik(γ
lmTlm − T00)− 4Tik (1.8)
Constraint equations are:





iK) = −8T0i (1.10)
where R = γikKik, Di is a covariant derivative in γik metric. It is not dicult to see
that kinetic equation for f(x; p) will split into a couple of equations for F+(x; p; t) and
F−(x; p; t) which are constructed by reducing f(x; p) on "upper" and "lower" halves of
2
mass shell. Here, we changed the meaning of what is implied by (x; p) as it is usually

















or, in terms of 3-Hamiltonian:
p0 @tF = fH;Fg (1.12)
H(x; p; t) = γik(x; t)pipk (1.13)
The metric of the space-time can be written in Robertson-Walker form:
ds2 = −dt2 +R2(t)[d2 + sin 2(d2 + sin 2d2)] (1.14)
Then it is not hard to calculate the components of energy-momentum tensor T(x):
k =
1























2 sin 2). By the following transformation 
is brought to canonical form:
k1 = p1;
k2 = p2= sin;
k3 = p3=(sin sin ) (1.16)
In k-coordinates it is not hard to see the set of solutions for kinetic equations:
F = F(k) (1.17)




3 . The rst constraint equation takes the following form:






m2 + k2=R2d3k (1.18)
where we denoted F (k) = F+(k) + F−(k). It is interesting to notice that having
set a restriction on the topology of the space-time we cannot distinguish between
particles and anti-particles, keeping in mind Feynmans Principle of Reinterpretation
3
and interpreting values of f(x,p) in the area p0 < 0 ("lower" half of mass shell) as the
distribution function of anti-matter. On one hand, having F− in energy-momentum
tensor may violate dominant energy condition but, on the other hand, it appears to be
more consistent and complete. One can easily obtain second order equation for R(t)


















It can be easily shown that the constraint equation (1.10) is satised. Also, it is
obvious (in this particular case) that if R(t) satises (1.18) at any t then it satises
(1.19) as well which allows one to consider (1.18) as a main dynamical equation. The
"maximal" set of solutions of (1.19) is, however, larger than that of (1.18) but we shall
not be concerned with losing some of the solutions for now.
2. Analytical Solution
In this section we consider a special case of a Universe consisting of massless m=0











Equation (1.17) then becomes:




x(0) = 1 (2.2)















Using the above expression one can evaluate the age of the Universe (Tbb) and current
value of the Hubble constant:
R(0) ’ 1:25  1028cm;
(0) ’ 1:1  10−57cm−2;
4
 ’ 1:459;
Tbb ’ −7:09  10
9yrs;





’ 5:304  10−29cm−1 (2.5)
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@tF = L^F (3.5)
Constraint equations):
R +K2 −KikK
ik = 16m (3.6)
Dj(Ki
j − i
jK) = 8Si (3.7)





















F = f(x; p) jp0=p0 ;

































(γjm;k + γkm;j − γjk;m)(3.8
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